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ABSTRACT 
Convection and diffusion in a membrane with a low den- 
sity of fixed positive charges have been theoretically ana- 
lysed as a model of the early current in the giant axon. 
The model can be regarded as a part of Teorell’s ex- 
citability analogue. The non-linear transient behavionr of 
the model conductance has been numerically compared 
with the conductance associated with sodium activation, 
using Hodgkin & Huxley’s equations. The two models 
show considerable simiities. The sigmoidal increase of 
the conductance under depolarization and the exponential 
decay under repolarization is well reproduced by the con- 
vection-diffusion model. The time constant of the model 
conductance is approximately a function of the instantane- 
ous potential, as in the Hodgkin-Huxley theory. The 
voltage dependence of the time constant is also in agree- 
ment with Hodgkin & Hwley. A quantitative comparison 
has been made, giving the approximate values of the 
model parameters necessary for compatibility with squid- 
axon data. 

INTRODUCTION 

The Hodgkin-Huxley theory (l), describing the 
electrical behaviour of the giant axon, has been very 
successful. The mathematical formulation of the 
theory is an empirical summary of experiments ob- 
tained by the voltage-clamp technique. The theoreti- 
cal equations are capable not only of reproducing 
the voltage-clamp experiments but also of describ- 
ing many other properties of the nerve axon. How- 
ever, the mathematical formulation, as Hodgkin & 
Huxley also pointed out, is not unique. The detailed 
explanation of the behaviour of the ionic conductance 
changes is still an open question. Since the Hodgkin- 
Huxley theoretical formulation has such a GiZ 
generality in predicting experiments, the Hodgkin- 
Huxley formalism must be considered as an appro- 
Fiate goal for model systems of the axon membrane 

Among the many models discussed in connection 
with axon behaviour, models based on the Nernst- 
Planck equations have aroused much interest. Cole 
(3) has reviewed the electrodiffusion models for pas- 
sive ion movement through a membrane. He con- 
cluded that electrodiffusion processes were unable 

(2). 

to account for many experimental results. Recent 
investigators (4, 5), however, have shown that 
electrodiffusion systems have properties which sug- 
gest that electrodiffusion may be an important trans- 
port mechanism in excitable membranes. 

One of the more complete analogues, partly based 
on the Nernst-Planck equations, is Teorell’s mem- 
brane oscillator or electrohydraulic excitability 
analogue (6, 7, 8, 9, 10, 11, 12), which is capable 
of describing qualitatively many features of excit- 
able tissue. 

In Teorell’s oscillator an interaction between os- 
motic, electrical and hydrodynamical forces causes 
instability phenomena, which have been deduced 
theoretically and demonstrated experimentally in 
artificial membranes. The energy to sustain the os- 
cillations is supplied from an externally applied 
constant current. The relaxation phenomena in the 
oscillator play an essential role in the origin of the 
oscillations. The bulk flow or the convection of the 
fluid across the membrane causes a relaxation in the 
concentration profile (13), as well as in the pressure. 
One example of special interest, showing the simi- 
larity between Teorell’s model and biological ob- 
servations, is Teorell’s application of the voltage- 
clamp technique to the model (8). The results were 
obtained from analogue computations, using the 
theoretical formulation of the model and are in 
many respects in agreement with Hodgkin & Hux- 
ley’s experiments. The so-called “early current” and 
“late outward current” in the formalism of Hodg- 
kin & Huxley can be considered as corresponding 
respectively to the concentration profile relaxation 
and the pressure relaxation in Teorell’s excitability 
analogue. Since the first of these two processes in 
both models is fast, as compared with the latter, it 
is possible to compare the sodium activation or the 
early current in the Hodgkin-Huxley model with 
the relaxation of the concentration profile. 

The purpose of the present investigation is to 
analyse theoretically and numerically the convec- 
tion and diffusion in a porous membrane with a 
low, positive, fixed-charge density in the pores as a 
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model of the conductance changes associated with 
the sodium activation or the early current under a 
voltage clamp. This convection-diffusion model is 
identical with that part of Teorell’s membrane oscil- 
lator which gives rise to the concentration profile 
relaxation, which in the following pages will be 
referred to as “the convection-diffusion relaxation”. 

In the present analysis a more complete formula- 
tion of the convection-diffusion system is used (13), 
in contrast to the linear first-order approximation 
of the time-variant resistance used by Teorell. The 
extended theory is needed to show the detailed non- 
linearities discussed in the present paper (cf. p. 246 
in ref. 8). However, this extended theory is based on 
macroscopic laws, which may not be applicable in 
the narrow pores of the nerve-axon membrane, with 
a thickness of approximately 100 A, as discussed 
by Solomon (14) and recently by Forster (15) .  

THEORY 

The convection-diffusion model 

The model considered is shown in Fig. 1 a. A mem- 
brane containing pores or channels lined with posi- 
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Fig. 1. Model of the axon membrane. (a) Convection-diffu- 
sion regime within a pore with fixed positive charges. The 
external potential difference E creates a convectional flow 
with velocity V by electro-osmosis. (b) Concentration profile 
at the resting potential. Bulk outflow from the inside of the 
membrane causes a low membrane conductance. (c) Con- 
centration profile under a voltage-clamp depolarization. In- 
ward volume flow gives a transient increase of the conduct- 
ance. ( d )  Equivalent circuit of the membrane model. 
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tive fixed charges acts as a barrier between intra- 
cellular and extracellular compartments filled with 
electrolyte solutions. The external salt concentration 
c1 is greater than the internal concentration cz, thus 
making it possible to associate the cation of the salt 
solution with sodium. The reason for choosing 
positive fixed charges in the channels is that this 
assumption leads to a conductance increase with 
membrane depolarization. A potential difference E 
applied across the membrane creates a convectional 
flow (i.e. bulk flow) with the linear velocity u (vol- 
ume flow per unit of membrane area) by the process 
of electro-osmosis, in the presence of fixed charges, 
whose density is considered to be relatively low. A 
pressure difference P across the membrane may also 
be present to influence the volume flow. 

Fig. 16 shows the concentration profile within a 
pore, when the axon is kept in the resting state by 
an externally created, resting potential difference 
E, (negative at the inside). The pore is extended 
from 0 to 6 in the x direction, perpendicular to the 
membrane surface. By electro-osmosis, a negative 
convection resting velocity v ,  causes an upward con- 
cave concentration profile, resulting in a low con- 
ductance because of the low salt concentration in 
the pores. The concentration profile is determined 
by the combined processes of diffusion and con- 
vection. In Teorell’s electrohydraulic analogue the 
outward volume flow v ,  is thought to be compensated 
by a corresponding inward flow through uncharged 
“leaky pores”, thus keeping the interior volume 
constant in the resting state (8, 10, 1 1 ,  12). 

The effect of depolarizing the membrane by the 
application of a constant voltage step across the. 
membrane (voltage clamp) is shown in Fig. l c .  If 
the inside of the membrane is made more positive 
(depolarization), the convection velocity will in- 
crease in the direction of the inside of the membrane. 
It is now assumed that the convection velocity will 
increase stepwise, due to the voltage step. The 
convection-velocity step will induce a relaxational 
change in the concentration profile. The membrane 
will be more filled with the highly concentrated salt 
solution from the external side of the membrane, 
causing a time-dependent increase of the conduct- 
ance of the membrane. 

Fig. 1 d shows the equivalent circuit of the model. 
The concentration difference across the membrane 
and differences in ionic mobilities causes a diffusion 
potential Ed. Connection to the external potential 
difference E produces a current I through the mem- 
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brane. The following sign conventions have been 
adopted. The potentials ( E  and Ed) are measured 
internally, relative to the external value. The pres- 
sure difference P is the external pressure minus the 
internal. v is positive when directed inwards, while 
I is positive outwards. The conductance G of the 
membrane is defined from the integrated Nernst- 
Planck equations by the following relation: 

I = G(E - Ed) (1 ) 

The conductance is dependent on the time and the 
voltage, as discussed above. The current I will be 
directed inward (negative) i.e. corresponding to the 
"early inward current", as long as Ed exceeds E. 
In order to conform with the Hodgkin-Huxley 
model, Ed should be positive and have a value cor- 
responding to the sodium potential ENa (see below). 

Mathematical analysis of the convection- 
diffusion model 

The mathematical treatment of a one-dimensional 
membrane model, taking into consideration both 
diffusion and convection, has been described in a 
previous publication (13) and will here be only 
briefly reviewed. 

The concentration c(x, t) inside a pore in the mem- 
brane, according to Fig. 1, is given by the following 
partial differential equation: 

where x is the space co-ordinate perpendicular to 
the membrane surfaces, t is time, c(x, t )  is the con- 
centration as a function of x and t ,  D is the diffu- 
sion coefficient, and v ( t )  is the linear convection ve- 
locity. 

The application of a step voltage across the mem- 
brane from an initial value of El volts to a new 
value of Ez volts causes a step variation of the linear 
convection velocity from v1 to v z ,  as discussed above. 
The corresponding transient change in the con- 
centration profile is obtained from eq. (2). An ana- 
lytical solution can be found and expressed in nor- 
malized quantities: 

ev*x/2 
+ 2(1 - CJ ~ 

1 - evl 

sin nnX (3) 

C(X, T)v,,v* = C(X,  

m 
e-(v*/2)*T 2 C(fle-(nn)'T 

1 

where 

and 

The following normalizations have been introduced: 

X = x/S (6 =membrane thickness), 

T = tD/S', 

C, = c2/c1 (c, =extracellular concentration and ca = 

intracellular concentration), 

Vl = v16/D, 

V2 = v,S/D, 

C(X, T)  = c(X, T)/c ,  and 

C(X, m) = c(X, m ) / c ,  = steady-state concentration 
profile at infinite time (cf. ref. 16). 

The normalized conductance of the membrane 
is given by the following equation (17): 

(4) 

which is related to the total membrane conductance 

The constant 1 is given by the following expres- 
g(T) by G(T)=g(T)6/&. 

sion for the case of a monovalent single salt: 

where u, is the molar mobility of the cation (cm' 
mol/joule sec), u- is the molar mobility of the anion 
(cm' mol/joule sec) and F is the Faraday constant. 

The transient behaviour of the conductance of 
the membrane under a voltage clamp can thus be 
calculated from eq. (4), using eq. (3). The accom- 
panying early current is given by eq. (1). 

The influence of different values of the convec- 
tion velocity V on the concentration and resistivity 
steady-state profiles inside the membrane is shown in 
Fig. 2. The curves were calculated from C(X, m) in 
eq. (3) with C,=O.Ol. 

The Hodgkin-Huxley model 

From experimental observations, using the voltage- 
clamp technique on the giant axon of Loligo, Hodg- 
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Fig. 2. (a) Steady-state concentration profiles of the con- 
vection-diffusion model at different normalized convection 
velocities V. C, = 0.01. (b) The inverse concentration from a 
proportional to the resistivity of the membrane. Integration 
of these curves in the x direction corresponds to the overall 
membrane resistance. 

similar equations were applied as a description of 
the parameters n and h. The sodium activation is 
fast, compared with the other Processes. Thus the 
kinetic behaviour of the early current Zo will be de- 
termined by the following relation: 

kin & Huxley ( 1 )  proposed that the membrane cur- 
rent was composed of a capacitive current and three 
ionic currents for potassium, sodium and other ions: 

dE 
Z= C,- 

dt 

where Z is the total membrane-current density (out- 
ward current positive), C, is the membrane capac- 
ity per unit area, E is the membrane potential 
(depolarization positive), EK, ENa and El are the 
equilibrium potentials for potassium, sodium and 
other ions, gK, gNa and g, are the maximum conduct- 
ances per unit area associated with the different 
ionic currents, and n, m, and h are continuous func- 
tions of membrane potential and time. 

The sign convention used in eq. (6) is the opposite 
to that which Hodgkin & Huxley adopted but fol- 
lows the most generally used sign convention for 
cell-membrane potentials. 

Under a voltage clamp, the capacitive current is 
zero, since dE/dt =0, except for a very fast capacitive 
surge during the voltage step. Hodgkin & Huxley 
associated the parameters n, m and h with “potas- 
sium on” (potassium activation), “sodium on” 
(sodium activation) and “sodium off” (sodium in- 
activation) respectively. The terms “on” and “off” 
refer to increasing and decreasing membrane per- 
meability (conductance). The permeability para- 
meters n, m and h were assumed to satisfy first-order 
differential equations. The rate constants of these 
equations were determined by fitting the equations 
to experimental data. The process of sodium activa- 
tion was thus described by the following equations: 
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where gNam3ho represents the time-variant and non- 
linear conductance of the early current and h, and 
no represent the initial values of h and n and are con- 
sidered for the present purpose as time-invariant. 
Using gNa = 120 m mho/cme, gK = 36 m mho/cme and 
g , = O . 3  m mho/cma, as given by Hodgkin & Huxley 
(l), the three ion conductances in eq. (8) at the 
steady-state resting potential E,= -65 mV can be 
calculated as follows: gNamo3ho =O.O106 m mho/ 
cma, gkn:=0.367 m mho/cma and 8,=0.3 m mho/ 
cme (see Hodgkin & Huxley (1) for the equations 
describing n and h). It will be seen that the potas- 
sium and leakage conductances predominate over 
the sodium conductance at the resting potential. 
The maximum conductance of the early current 
when h and n are kept constant is about gNaho=72 
m mho/cme. Thus the sodium conductance at the 
resting potential is a very small fraction of this 
maximum conductance, compared with the sum of 
the potassium and leakage conductances at the 
resting potential, which is about 1 % of the maxi- 
mum conductance. These figures will be used in 
discussing the calculations below. 

COMPUTATIONS AND RESULTS 

In the following pages the abbreviations “CD” and 
“HH’ will be used for “convection-diffusion’’ and 
“Hodgkin-Huxley” respectively. 

The transient conductance of the CD model has 
been calculated from eqs. ( 3 )  and (4) for a number 
of values of the initial and final convection velocity, 
V, and V,, corresponding to a step in the clamping 
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Table. I. Summary of the diferent cases shown in Figs. 3-6. 
~ 

Fig. 3. Linear scale I Fig. a. Hodgkin-Huxley E,= - 65 mV 
Depolarization Fig. b. v,- -10 

Fig. 4. Log scale 
Fig. 5, Convection-diffusion 

Fig. 6. Log scale Fig. e. 
Repolarization 

voltage. Also the ratio C, of the intracellular and 
the extracellular salt concentrations has been varied. 

The results have been compared with the kinetic 
behaviour of the conductance of the early current 
in the HH theory. Calculations have been made of 
the conductance associated with the activation proc- 
ess of the sodium permeability caused by a change 
of the membrane potential from El to Ez. The con- 
ductance was calculated as gNamsho (cf. eq. @)), 
using eq. (7). The following numerical values from 
HH were used: g,=120 m mho/cm2, E,= -65 
mV, ho=0.596, (ENa.=50 mV). 

The numerical calculations were made on a 
Control Data 3600 digital computer. Details of the 
numerical methods used in the calculations on the 
CD model have been given in a previous publication 
(13). 

Early conductance changes during voltage clamp 

1. General. Figs. 3-6 show the conductance, cor- 
responding to the early current, as a function of 
time, when a voltage step is applied across the model 
membrane. As mentioned above, the voltage step 
corresponds to a convective step in the CD model. 
The various conditions under which these figures 
have been calculated are summarized in Table I. 
Figs. 3 and 4 have been calculated for the case of 
depolarization of the membrane from the resting 
potential. In Fig. 3 the conductance has been plot- 
ted on a linear scale, and in Fig. 4 the difference 
between the time-variant conductance and the 
steady-state conductance at infinite time is shown on 
a logarithmic scale. Figs. 5 and 6 show repolariza- 
tion back to the resting potential on the linear con- 
ductance scale and the log scale respectively. In 
Figs. 3-6 the results from the H H  model are given 
in a and from the CD-model in b-e. b-d have been 
calculated for C2=0.01 and show the influence of 
different values of the convection velocity V, cor- 
responding to the resting potential. In 6, c and d, 
V, = - 10, - 16 and - 6 respectively. b and e, finally, 

show the effect of varying Cz, which is 0.01 in b 
and 0.1 in e, while keeping the resting velocity V, 
at a constant value, V, = - 10. 
2. Depolarization. Fig. 3 shows that the transient 
increase of the conductance, from a low conduct- 
ance state at the resting potential to a high conduct- 
ance when the membrane is depolarized, is sigmoidal 
in shape for both the HH and the CD model. An- 
other common feature of the two models is that the 
time constant is low for small and large depolariza- 
tions but high for medium depolarizations. These 
properties are also seen on the log scale in Fig. 4. 
The convex appearance of the curves in Fig. 4 cor- 
responds to the sigmoidal shape in Fig. 3. That the 
time constant has a maximum for medium depo- 
larizations will be inferred from Fig. 4, by com- 
paring the slopes of the curves under different de- 
grees of depolarization. 

The effect of varying the initial convection velocity 
Vl will be seen in Figs. 3-4, b-d. Decreasing the 
initial velocity decreases the value of the initial con- 
ductance and makes the sigmoidal shape of the 
conductance transient more pronounced. The sit- 
uation will be the opposite when the initial velocity 
has an increased value. This is also a property of 
the HH model, when the initial potential El is varied. 

The effect of the concentration ratio C, can be 
studied in Figs. 3-4, b and e. A high value of C, 
gives a high initial conductance and a less pro- 
nounced sigmoidal shape. The former property is 
due to the fact that the low conductance state is 
created by the inflow of the low-concentration salt 
solution from the interior of the membrane. A high 
value of the inner concentration thus corresponds 
to a high conductance in the resting state. 
3. Repolarization. When the membrane is repolariz- 
ed, the conductance change is approximately expo- 
nential in both the H H  and the CD models, as 
shown in Figs. 5 and 6. Hodgkin & Huxley were un- 
certain about the extent to which the rate of return 
of the sodium conductance could be regarded as 
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Fig. 3. Transient conductance changes associated with the from the convection-diffusion model. Note the sigrnoidal 
early current under depolurirution. u was calculated from shape in both models and the voltage (or convection- 
the Hodgkin-Huxley theory of sodium activation and b-e velocity) dependence of the time constant. 
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Fig. 4. Same as Fig. 3 but with 
the final steady-state conduct- 
ance Gm minus the time-de- 
pendent conductance G on a 
logarithmic scale on the or- 
dinate. 
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Fig. 5. Transient conductance changes associated with the 
early current under repolarizarion back to the resting PO- 

tential. (I was calculated from the Hodgkin-Huxley theory 

of sodium activation and b-e from the convection-diffusion 
model. Note the approximately exponential time course. 
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Fig. 6. Same as Fig. 5 but for the time-dependent conduct- 
ance G minus the final steady-state conductance Goc on the 
ordinate on a logarithmic scale. Note the approximately 
exponential time course and the fact that the time constant 

exponential in their experiments (p. 484 in ref. 18), 
since experimental errors probably influenced the 
measurements. However, one axon, which was in 
excellent condition, showed clear departures from 

6 - 722856 

I 

01 0 2  '-2 0 

d e 

is approximately independent of the initial value of the 
membrane potential El (or the convection velocity Vl) but 
dependent on the final values, Ez and Vz. 

exponential behaviour in that the initial fall of 
conductance was too rapid. An interesting point is 
that this latter appearance is also a property of the 
CD model. 
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Fig. 7. The rate constant of the convection-diffusion con- 
ductance decay under repolarization as a function of the 
final convection velocity for different values of the initial 
velocity for a case with C,=O.l. Note that the rate constant 
is approximately independent of the initial velocity. 

The time constant of the conductance decay during 
repolarization is approximately independent of the 
initial potential in both models, as can be seen from 
the slopes of the curves in Fig. 6. The time constant 
of the decay is, however, greatly dependent on the 
final potential in both models. Low values of the 
final convection velocity produce a steeper decay 
(Figs. 5-6, b-d). The higher value of C, reduces the 
initial slope (Fig. 5 ,  b and e) and gives a conductance 
decay which is closer to the exponential form (Fig. 
6, b and e). 

An example of the effect of varying the initial 
and final convection velocities on the rate constant 
l/t  of the decline of the CD conductance under re- 
polarization is shown in Fig. 7. The time constant 
t was calculated as the normalized time at which the 
conductance had decayed to l /e of the initial value. 
The calculations were made for Cz=O.l. It will be 
clearly seen that the initial velocity V, has little in- 
fluence on the rate constant, compared with the final 
velocity V,. Fig. 7 should be compared with a figure 
given by Hodgkin & Huxley (Fig. 9, p. 484, ref. 
18) for the analogous experimental results on the 
giant axon. Both figures show considerable qualita- 
tive similarities. 
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4. Resting conductance. A main difference between 
the conductance curves calculated from the HH model 
and the CD model concerns the conductance at 
the resting potential. In the HH model the con- 
ductance g,,mih, assumes a very small value at 
the resting potential, compared with the CD con- 
ductance (Figs. 3 and 5). However, this may be 
interpreted by assuming that the resting conductance 
in the CD model includes the conductances cor- 
responding to the potassium and the leakage chan- 
nels in the HH formulation. As discussed above, the 
potassium and leakage conductances constitute 
about 1% of the maximum conductance and may 
correspond to the CD conductance G at V= - 03, 
which is equal to C, (see eq. (10) below). When 
C, =0.01, this correspondence is satisfactory, though 
the remaining conductance in the CD model after 
the subtraction of C, is still high, as compared with 
the extemely low sodium conductance at the resting 
potential in the HH model. 

Fitting the convection-diffusion model to the Hodgkin- 
Huxley equations 

The conductance of the early current in the CD model 
can be fitted to the HH equations by formally com- 
paring the conductance with the expression gNamSho 
(cf. eq. (8)), where m satisfies the first equation in 
eq. (7). From this comparison the equivalent time 
constant associated with different values of V, and 
V, can be calculated. With regard to the discussion 
above concerning the conductance at the resting 
potential, a time-independent conductance G, is now 
introduced into the CD model. G, corresponds to 
the sum of potassium and the leakage conductance 
at the resting potential in the HH theory and is 
subtracted from the CD conductance before the 
fitting procedure. The equation which was fitted to 
the CD conductance was thus given the following 
form (cf. eqs. (7) and (8)): 

3 -  3- 
G, = [3- V G ~ -  G,- (Gm- G,- VG, - G,) 

x exp (- T / t )  + G, (9) 1 3  

where G, is the approximate conductance, Go is the 
conductance at zero time for the CD model, G ,  
is the conductance at infinite time for the CD model, 
and t is the approximate normalized time constant. 

In accordance with the discussion above, the 
value of G, was chosen as the steady-state con- 
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’“i c2.001 from the HH equations (Fig. 3a). This discrepancy 
is due to the fact that (Go - Gz) is greater than the 
conductance of the giant axon at the resting po- 
tential. However, the fitting procedure makes it 
possible to compare the non-linear behaviour of 
t, as a function of El and Ez and the variation of 
t with respect to Vl and V,. 

A comprehensive diagram of the main results of 
the CD model is given in Fig. 9. This figure shows 
the resulting time constants and steady-state con- 
ductances obtained by the above fitting procedure 
(Fig. 9b-e) and also the corresponding HH relations 
(Fig. 9a)  for comparison. The parameter values 
chosen for the CD model in Fig. 9b-e are identical 
with those shown in Table I for b-e. In Fig. 9a, t, 
and m,, calculated from eq. (7), have been plotted, 
and Figs. 9b-e show t and M,. M, is defined by 

F I T ~ l N ~  TO m0 HUX 

01 

3 
Fig. 8. An example of the application of curve-fitting to the 
convection-diffusion conductance. a is for depolarization 
and b for repolarization. Thick curve=conductance G of 
the convection-diffusion model. Thin curve = approximate 
conductance G,  in accordance with the Hodgkin-Huxley 
formalism (eqs. (9) and (10)). 

ductance at infinite negative velocity in the CD 
model, Gv=-,. Thus from Fig. 1 and eq. (4), we 
have 

G, = GV=-, == Cz (10) 

The procedure of the fitting was as follows. The conductance 
G of the CD model was calculated at 10 or 20 discrete values 
of the time T, equally spaced between T=O and T=0.1 or 
0.2. The value T=0.1 was used when the conductance 
transient was fast, and T=O.2 was chosen when the transient 
was slow. The values of Go and Gm were taken as the initial 
and final conductances of the CD model. The discrete values 
of the CD conductance were then fitted to eqs. (9) and (10) 
by the least-squares method. The sum of ( G - G J 2  at the 
discrete points was minimized with respect to t by means of 
digital computation. 

The results of such a fitting are shown in Fig. 8 
for Vl= -10 and Cz=O.Ol (cf. Figs. 36 and Sb). 
Fig. 8a shows the conductance transient due to 
depolarization, and Fig. 8 b shows the conductance 
during repolarization. The thick curves are from the 
CD model and the thin curves are the approxima- 
tion from eqs. (9) and (10). It will be seen in Fig. 
8a that the approximations of the depolarization 
curves are less sigmoid than the original curves 
from the CD model. The approximate curves are 
also less sigmoid than the corresponding results 

M ,  = VGm - Gz 

M, can be looked upon as corresponding to m,, 
when eq. (9) is compared with the equation for m 
in eq. (7).  

The continuous curves for the time constants in 
Fig. 9 have been calculated for the case of de- 
polarization from the resting potential E, to E in 
Fig. 9a  and from the resting velocity V, to V in Fig. 
9b-e. The dashed curves correspond to the time 
constants, obtained for repolarization back to E, 
and V, from E and V respectively. 
The salient features of Fig. 9 are as follows: 

( 1 )  In all the cases in Fig. 9b-e, the CD model 
qualitatively reproduces the time constants t, at de- 
polarization in the HH model (Fig. 9a). It is interest- 
ing to note that in the HH model the depolarization 
time constant is only dependent on the final poten- 
tial E and not on the initial potential E,. Fig. 96-e 
shows that this is also approximately true of the CD 
model. 

(2) At repolarization the HH equations give a 
time constant t, (dashed curve in Fig. 9a)  which is 
only dependent on the final potential E, and in- 
dependent of the initial potential E. This is also 
approximately a property of the CD model (Fig. 
9b-e). 

(3) A comparison of the steady-state conductance 
parameters M, (Fig. 96-e) and m, (Fig. 9a)  shows 
a general resemblance. The two main differences 
are the inability of M, to reproduce the very low 
conductance state of m, (in spite of the subtraction 
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HODGKlN -HUXLEY CONVECTION - DIFFUSION 

b V 
C 

V 

T T 

Fig. 9. Results of formal curve-fitting of the Hodgkin- 
Huxley theory to the convection-diffusion model (b-e). For 
comparison, the sodium activation parameters of the 

of G,) and the fact that M, approaches its maximum 
value much more slowly than m,. These discrepan- 
cies between the models were also apparent in Fig. 3. 

If the different figures in Fig. 9 are compared, 
the best approximation to the HH model with the 
resting potential E, = - 65 mV (Fig. 9a)  is considered 
to be Fig. 9b,  with V,= - 10 as the convection ve- 
locity at the resting potential and with C, =0.01. 

QUANTITATIVE ESTIMATION OF SOME 
MODEL PARAMETERS 
A quantitative comparison of the HH model and 
the CD model has been made out in order to esti- 
mate the values of some parameters of the CD- 
model necessary for compatibility with the squid- 
axon data. Fig. 9 a  and b has been used for this pur- 
pose. The quantitative correspondence between these 
two figures was established by matching the follow- 
ing scales: 

(1) t and t, scales, 
(2) M, and m, scales, 
(3) V and E scales. 
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Hodgkin-Huxley equations are shown in a, when the resting 
potential E, = - 65 mV. t and MW in b-e are given by eqs. (9) 
and (1 1). 

The details of this matching are given in the 
Appendix and the results are summarized in Table 
11. The accuracy of the estimations in Table I1 is 
probably fairly high, as regards the diffusion coef- 
ficient D and the molar mobility u. The other para- 
meters are considered to be within about an order 
of magnitude. The results in Table I1 will be com- 
mented on in the Discussion section. 

DISCUSSION 

THE EARLY INWARD CURRENT 

Qualitative aspects 

The qualitative comparison between the CD model 
of the early current under the voltage clamp and 
the HH-model of the sodium activation can be sum- 
marized as follows: 

Similarities. 1. Sigmoidal conductance change from 
a low value to a high value as a function of time 
when the membrane is depolarized. 
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Table 11. Quantitative estimation of parameters of the CD-model 

Parameter Symbol Approximate value 

Diffusion coefficient 
Molar mobility 

Pore areapembrane area 
Internal concentration 
External concentration 
Outward volume flow from electro- 

osmotic channels at resting potential 
(Electrical conductance) x (electro-os- 

motic permeability) 
Electro-osmotic permeability 
Mechanical conductance 
External pressure at resting potential 
Fixed-charge density 

DIDIree= UPfree 

D 
U 

Jv 

1.7 10-l’ cm’pec 
0.74 cm2 mol/joule sec 

0.1 
520 mM 
5.2 m M  

1.1 10-5 

170 nlpec cm’ 

0.0047 cm/sec V 
0.64 mVlcm H,O 
3.0 lo-’ cmpec cm H,O 
44 cm H,O 
1.6 mM 

2. Maximum time constant of the conductance 
change for medium depolarizations and decreasing 
time constant for lower and higher values of the 
depolarization voltage. The time constant is inde- 
pendent of the initial membrane potential and is 
determined only by the final value of the potential. 

3. Approximate exponential time course of the 
conductance when the membrane is repolarized. 

4. Time constant of the conductance change on 
repolarization approximately independent of the 
initial voltage but dependent only on the final volt- 
age. 

5. Sigmoidal steady-state conductance as a func- 
tion of membrane potential. 
Discrepancies. 1. The steady-state conductance at 
and below the resting potential is smaller in the HH 
model, as compared with the CD model. 

2. The steady-state conductance approaches its 
maximal value at high values of the potential more 
slowly in the CD model than in the HH model. 

The similarities include all the important kinetic 
properties of the sodium activation. These charac- 
teristics are highly non-linear and do not seem 
to have been demonstrated on earlier models. 

The discrepancies concern mainly the steady-state 
properties and may possibly be connected with ap- 
proximations of the CD model. For example, inter- 
actions with the walls of the pores have not been 
included in the model, nor the three-dimensional 
aspects of the membrane transport. As discussed 

in the introduction, the equations used in the CD 
model are appropriate for a macroscopic case but 
may not be valid on the miscroscale for a cell mem- 
brane. If the physical basis of the equations is 
doubtful, it may be valuable to look upon the 
mathematical formulation as “operational”. It may 
also be possible to find other physical interpreta- 
tions of the CD equations, such as the analogy with 
the constant-field single-ion electrodiffusion re- 
gime (3, 13). However, the latter analogy is not 
compatible with a sodium channel, as regards the 
early current (3). 

The CD model assumes some sort of selectivity, 
since the internal and external salt concentrations 
should be different. The model is compatible with 
sodium permeation, but the anion will be more dif- 
ficult to identify, if Ed in eq. (1) is to correspond to 
ENS in the HH theory. The evidence for the exist- 
ence of selective ionic channels in nerve mem- 
branes have been reviewed by Hille (19), but the 
presence of separate ion channels has also been 
questioned (20). 

Quantitative aspects 

The low value of the mobility u in Table I1 with 
respect to that of a free solution corresponds to the 
low mobility for potassium in electrodiffusion 
models, as given by Cole (3). As regards the CD 
model, however, the low mobility may correspond 
to interaction with the walls of the pores and thus 
may interfere with the assumption of bulk flow and 

Upsala J Med Sci 77 



88 J. V. HGgglund 

electro-osmosis. The size and population of the 
equivalent pores of the axolemma of the squid have 
been measured by Villegas, Bruzual & Villegas (21). 
They found that the equivalent pores have a radius 
of 5-6 A and are spaced about 1000 A apart. This 
corresponds to a relative pore area u - which 
may be compared with a= 10-l given in Table 11. 
u = ~ O - ~  is unattractive in the CD model, since it 
would mean a very high value of cl, which is in- 
versely related to u (cf. eq. (A6)). 

The discrepancy between the u values of the CD 
model and those obtained from measurements may 
be explained by the model suggested by Teorell (10) 
with the excitable unit within the membrane itself. 
This may also explain the rather high membrane 
pressure difference of the CD model (Table 11). 
Theoretically this has been predicted by Schlogl 
(22). Teorell (23) found experimentally pressure 
gradients within model membranes under zero 
transmembrane pressure. A model with these prop- 
erties has also recently been discussed by Forster 
(15). It may also be mentioned that Agin (24) sug- 
gests the possibility of a high hydrostatic pressure 
within an electrodiffusion membrane, though the 
transmembrane pressure difference is zero. As re- 
gards the concentrations, el and cz may be quite dif- 
ferent from the extracellular and intracellular con- 
centrations. Concentration gradients may be built 
up in the membrane even with a zero total concentra- 
tion difference, as shown by Teorell (9). 

The p value (electro-osmotic permeability) in 
Table I1 is within an order of magnitude, compared 
with measurements made by Vargas (25), who 
found p=O.O41 mV/cm HzO in the squid. The 
positive fixed-charge density x of the CD model 
(Table 11) may be compared with measurements 
made by Vargas (25), who obtained -10 meql 
litre as a value of the fixed-charge density of the 
squid-axon membrane. However, the membrane 
might be heterogeneous and the measurements are 
in that case only reflecting the net sum of positive 
and negative sites, as Vargas pointed out. 

THE LATE OUTWARD CURRENT 

The present model does not include the mechanism 
of the late outward current corresponding to the 
sodium inactivation and potassium activation in the 
HH theory. 

In Teorell’s excitability analogue the late outward 
current (though in fact directed inward in Teorell’s 
model) corresponds to what may be regarded as a 
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pressure relaxation. During this process there is a 
slow variation in the pressure, under the influence of 
geometrical factors, causing a continuous change of 
the convection velocity V. The concentration pro- 
files, although changing with time, approach the 
steady-state requirements of the conductance with 
respect to the CD process (cf. Fig. 8 in ref. 8). The 
non-linearities, which are essential for a compari- 
son with the HH equations, enter mainly in the 
following two equations, given by Teorell (12): 

The first equation describes the internal volume M 
as a function of the transmembrane pressure dif- 
ference P and the second equation is the “backbone 
curve”, giving the steady-state resistance Rw as a 
function of the convection velocity V. The “back- 
bone curve” is calculated from C(X, a) in eq. (3) 
and eq. (4) (7). However, the first relation M = f ( P )  
is unknown (12), and calculations of the late outward 
current can only be made in special cases. One spe  
cia1 case is Moc P ,  which under a voltage clamp gives 
a simple solution as a first-order differential equa- 
tion in V (eq. (6) in ref. 8)  with an exponential solu- 
tion. This solution, in combination with the back- 
bone curve, will probably show interesting non-linear 
behaviour, but the translation to the HH equations 
is somewhat complicated by the fact that the pres- 
sure relaxation corresponds to both the h (“sodium 
off”) and n (“potassium on”) parameters. 

As concerns electrodiffusion models, Cole (3) 
has discussed the possibility of explaining potas- 
sium behaviour by a single-ion electrodiffusion 
theory. It may also be adequate to consider a single- 
ion electrodiffusion model for the sodium inactiva- 
tion. These possibilities of reproducing the behaviour 
of the late outward current in single-ion electrodiffu- 
sion models will be dealt with in a subsequent 
paper. 
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APPENDIX 

ESTIMATION OF MODEL PARAMETERS 

In this Appendix the quantitative comparison be- 
tween the HH model (Fig. 9a) and the CD model 
(Fig. 96) will be described. 

1. Time constants t and t, 

The relation between the time constants t.(CD) and 
t,(HH) is given by the following normalization ex- 
pression (see under eq. (3)): 

t = t, D/aa ('41) 

The scales of the time constants in Fig. 9a and b 
can be matched by equalizing the maximum values, 
which are t,=0.5 msec and t=0.086 respectively. 
Here and in the following text 6=100 A will be 
used. These values used in eq. (Al) give an estima- 
tion of the total diffusion constant D of the salt solu- 
tion in the membrane and the corresponding molar 
mobility u=D/RT (R=gas constant and T=ab- 
solute temperature =279"K): 

D = 1.7 10-lo cme/sec (A21 

u = 0.74 cm2 mol/joule sec ('43) 

If the salt solution is considered to be NaCI, the 
values of the diffusion coefficient and the mobility 
can be compared with those in a free solution: 

D/Dfree = u/ufree = 1.1 (A41 

The diffusion coefficient in a free solution of NaCl 
was taken as Dfree=1.5 cm2/sec. 

2. Steady-state conductance parameters M, and rn, 

The m, curve (Fig. 9a) and the M, curve (Fig. 9b) 
correspond to the steady-state conductances of the 
two models. The quantitative comparison is es- 
tablished by matching the maximum conductances 
(cf. eqs. (4), (5) and (8)): 

&,mm5ho = G,F2(u+ +u-)clor/6 (A5) 

in which GC (=pore area/membrane area) was in- 
troduced, since the CD conductance refers to the 
pores only, but the sodium conductance in the HH 
formulation is given relative to the whole axon 
membrane. With numerical values (m,= 1, gNaho = 

0.0715 mho/cm2, G ,  = 1 and u+ = u- = u according 
to eq. (A3)) eq. (AS) gives 

c1 = 52/crmM (A@ 

If the cation in the salt solution is considered to be 
sodium, then c1 may correspond to the blood con- 
centration of sodium in the squid, which is 440 
mM (26). Thus from eq. (A6) 

u =0.1 ('47) 

This cr value will be used in the calculations below. 
The outward volume flow J, associated with the 

CD pores (expressed per cm2 axon-membrane area) 
at the resting potential (V= - 10) can now be cal- 
culated as 

J,, = aVD/6 = - 0.17 pl/sec cm2 (A8) 

3. Convection velocity V andpotential E 
The relation between V and E is given by the fol- 
lowing thermodynamic expression (7, 27): 

J, = %'BE + (Lp + X'B') P 

where 

(A9) 

X' = (Z/E)P-n=na=O =electric conductance 

/?= - ( E / ( P -  n)),b=r=o = electro-osmotic permeabil- 
ity(streaming potential) 

Lp = (J,/(P- n)),li=r=o =filtration coefficient. 

The following symbols were used: n=total 
osmotic-pressure difference, n,=osmotic-pressure 
difference of permeable solute. Teorell (7, 27) uses 
the abbreviations I=x'B and s=L, +x'B2 in eq. 
(A9). 

The V and E scales in Fig. 9a and b are matched 
by comparing the widths AV and A E  of the t and 
t, curves at half of the maximum values. It is found 
that AV=16.8 and AE=62 mV. During CD re- 
laxation, the transmembrane pressure P is consider- 
ed to be constant. Thus from eq. (A9) 

x 'B  = AJ, /AE = aAVD/GAE = 0.0047 cmlsec V 

(A101 

The orientation of the t and t, curves (Fig. 9a and 
b) along the E and V axes is determined by the choice 
of the pressure difference P. If the resting potential 
E= -65 mV corresponds to V= -10, eqs. (A8), 
(A9) and (A10) give: 

P(L, + x ' P z )  = 1.3 cmlsec 
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The fixed-charge density X is given by the follow- 
ing expression (22): 

x= x’/?/(L, + X ’ / P ) F  (AW 

In order to calculate P and x, the values of x’ and 
L, must be known. x‘  can be calculated from the 
CD model, according to the definition under eq. 
(A9). At the resting potential, P=O would correspond 
to a large outward volume flow with G “G,, cor- 
responding to x’-0.715 mho/cme. From eq. 
(A10) this value gives /?=0.64 mV/cm H 2 0  and 
x’/?, =3.0 lo-’ cm/sec cm HzO. L, will be taken from 
measurements by Vargas (28), who obtained L,= 
3.2 lo-’ cm/sec cm H,O for the intact squid axon. 
It may be noticed, however, that this L, value is 
an average value for the whole axon membrane and 
may not be adequate to characterize the osmotic 
channels according to the CD model. However, 
using these numerical values in eqs. (A1 1) and (A12) 
results in P=44 cm H,O and z = 1 . 6  mM. The re- 
sults of the calculations above are shown in Table 11. 
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